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Baruch College, The City University of New York, Natural Science Department, A506, 17 Lexington Avenue, New York,
NY 10010
Abstract
In Ref.[7] I construct an approximative solution of the power series expansion in closed forms
of Grand Confluent Hypergeometric (GCH) function only up to one term of An’s. And I obtain
normalized constants and orthogonal relations of GCH function.
In this paper I will apply three term recurrence formula (3TRF) [8] to the power series expan-
sion in closed forms of GCH function (for infinite series and polynomial which makes Bn term
terminated) including all higher terms of An’s.
In general most of well-known special function with two recursive coefficients only has one
eigenvalue for the polynomial case. However this new function with three recursive coefficients
has infinite eigenvalues that make Bn’s term terminated at specific value of index n because of
3TRF [8].
This paper is 9th out of 10 in series “Special functions and three term recurrence formula
(3TRF)”. See section 6 for all the papers in the series. The previous paper in series deals with
generating functions of Lame polynomial in the Weierstrasss form[14]. The next paper in the
series describes the integral formalism and the generating function of GCH function[16].
Keywords: Biconfluent Heun Equation, Three term recurrence formula, Asymptotic expansion
PACS: 02.30.Hq, 02.30.Ik, 02.30.Gp, 03.65.Ge, 03.65.-w
1. Introduction
Biconfluent Heun (BCH) function, a confluent form of Heun function[19, 26], is the special
case of Grand Confluent Hypergeometric (GCH) function[7]1: this has a regular singularity at
x = 0, and an irregular singularity at ∞ of rank 2. For example, the BCH function is included
in the radial Schro¨dinger equation with rotating harmonic oscillator and a class of confinement
potentials: recently it’s started to appear in theoretical modern physics [27, 25, 21, 20, 1].
In Ref.[9, 10], I construct power series expansions in closed form and integral representations
of Heun equation by applying 3TRF. Heun equation is applicable to diverse areas such as theory
of black holes, lattice systems in statistical mechanics, addition of three quantum spins, solutions
of the Schro¨dinger equation of quantum mechanics. [20, 31, 29, 30]
Email address: Yoon.Choun@baruch.cuny.edu; ychoun@gc.cuny.edu; ychoun@gmail.com (Yoon Seok
Choun)
1For the canonical form of BCH equation [26], replace µ, ε, ν,Ω and ω by −2, −β, 1+α, γ−α−2 and 1/2(δ/β+1+α)
in (1). For DLFM version [24] or in ref.[28], replace µ and ω by 1 and −q/ε in (1).
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In Ref.[7], I show an analytic solution of GCH equation only up to one term of An’s. In this
paper I construct the power series expansion of GCH equation in closed forms and asymptotic
behaviors including all higher terms of An’s by applying 3TRF [8].
x
d2y
dx2
+
(
µx2 + εx + ν
) dy
dx +
(Ωx + εω) y = 0 (1)
(1) is a Grand Confluent Hypergeometric (GCH) differential equation where µ, ε, ν, Ω and ω
are real or imaginary parameters.[7] It has a regular singularity at the origin and an irregular
singularity at the ininfinity. Biconfluent Heun Equation is derived, the special case of GCH
equation, by putting coefficients µ = 1 and ω = −q/ε.[24]
y(x) has a series expansion of the form
y(x) =
∞∑
n=0
cnx
n+λ (2)
where λ is an indicial root. Plug (2) into (1).
cn+1 = An cn + Bn cn−1 ; n ≥ 1 (3)
where,
An = −
ε(n + ω + λ)
(n + 1 + λ)(n + ν + λ) (4a)
Bn = −
Ω + µ(n − 1 + λ)
(n + 1 + λ)(n + ν + λ) (4b)
c1 = A0 c0 (4c)
We have two indicial roots which are λ = 0 and 1 − ν
2. Power series
2.1. A polynomial which makes Bn term terminated
There are three types of polynomials in three term recurrence relation of a linear ordinary dif-
ferential equation: (1) a polynomial which makes Bn term terminated: An term is not terminated,
(2) a polynomial which makes An term terminated: Bn term is not terminated, (3) a polynomial
which makes An and Bn terms terminated at the same time.2 In general the GCH (or Biconfluent
Heun) polynomial is defined as type 3 polynomial where An and Bn terms terminated. The GCH
polynomial comes from GCH equation that has fixed values ofΩ and ω. In three term recurrence
relation, a polynomial of type 3 I categorize as a complete polynomial. In this paper I construct
power series expansions and asymptotic series in closed forms for the GCH polynomial which
makes Bn term terminated: I treat ε, µ, ν and ω as free variables and a parameter Ω as a fixed
value. In chapter 6 of Ref.[17], I construct formal series solutions in closed forms and integrals
of the GCH polynomial which makes An term terminated including generating functions of it
analytically: I treat ε, µ, ν and Ω as free variables and a parameter ω as a fixed value. In future
papers I will derive a type 3 GCH polynomial.
2If An and Bn terms are not terminated, it turns to be infinite series.
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Theorem 1. In Ref.[8], the general expression of a power series of y(x) for a polynomial which
makes Bn term terminated is defined by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{ β0∑
i0=0

i0−1∏
i1=0
B2i1+1
 x2i0+λ
+
β0∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
β1∑
i2=i0

i2−1∏
i3=i0
B2i3+2

 x2i2+1+λ
+
∞∑
N=2
{ β0∑
i0=0
{
A2i0
i0−1∏
i1=0
B2i1+1
N−1∏
k=1
( βk∑
i2k=i2(k−1)
A2i2k+k
i2k−1∏
i2k+1=i2(k−1)
B2i2k+1+(k+1)
)
×
βN∑
i2N=i2(N−1)
( i2N−1∏
i2N+1=i2(N−1)
B2i2N+1+(N+1)
)}}
x2i2N+N+λ
}
(5)
For a polynomial, we need a condition:
B2βi+(i+1) = 0 where i, βi ∈ N0 (6)
In this paper Pochhammer symbol (x)n is used to represent the rising factorial: (x)n = Γ(x+n)Γ(x) .
On the above βi is an eigenvalue that makes Bn term terminated at certain value of index n. (6)
makes each yi(x) where i ∈ N0 as the polynomial in (5). Substitute (4a)-(4c) into (5) by using
(6). The general expression of a power series of GCH equation for a polynomial which makes
Bn term terminated is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
zi0
+
{ β0∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
×
β1∑
i1=i0
(−β1)i1 ( 32 + λ2 )i0 (γ + 12 + λ2 )i0
(−β1)i0 ( 32 + λ2 )i1 (γ + 12 + λ2 )i1
zi1
}
ε˜
3
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+
∞∑
n=2
{ β0∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
×
n−1∏
k=1
{ βk∑
ik=ik−1
(ik + λ2 + ω2 + k2 )
(ik + 12 + λ2 + k2 )(ik − 12 + γ + k2 + λ2 )
× (−βk)ik (1 +
k
2 +
λ
2 )ik−1 ( k2 + γ + λ2 )ik−1
(−βk)ik−1 (1 + k2 + λ2 )ik ( k2 + γ + λ2 )ik
}
×
βn∑
in=in−1
(−βn)in (1 + n2 + λ2 )in−1 ( n2 + γ + λ2 )in−1
(−βn)in−1 (1 + n2 + λ2 )in ( n2 + γ + λ2 )in
zin
}
ε˜n
}
(7)
where 
z = − 12µx2
ε˜ = − 12εx
γ = 12 (1 + ν)
Ω = −µ(2βi + i + λ) as i, βi ∈ N0
As βi ≤ β j only if i ≤ j
(8)
Put c0= Γ(γ+β0)Γ(γ) as λ=0 in (7).
Remark 1. The power series expansion of GCH equation of the first kind for a polynomial
which makes Bn term terminated around x = 0 as Ω = −2µ(βi + i2 ) where i, βi ∈ N0 is given by
y(x) = QWβi
(
βi = −
Ω
2µ
− i
2
, ω, γ =
1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
=
Γ(γ + β0)
Γ(γ)
{ β0∑
i0=0
(−β0)i0
(1)i0(γ)i0
zi0 +
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
β1∑
i1=i0
(−β1)i1 ( 32 )i0(γ + 12 )i0
(−β1)i0 ( 32 )i1(γ + 12 )i1
zi1
}
ε˜ +
∞∑
n=2
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
n−1∏
k=1
{ βk∑
ik=ik−1
(ik + ω2 + k2 )
(ik + 12 + k2 )(ik − 12 + γ + k2 )
(−βk)ik (1 + k2 )ik−1 ( k2 + γ)ik−1
(−βk)ik−1 (1 + k2 )ik ( k2 + γ)ik
}
×
βn∑
in=in−1
(−βn)in (1 + n2 )in−1 ( n2 + γ)in−1
(−βn)in−1 (1 + n2 )in ( n2 + γ)in
zin
}
ε˜n
}
For the minimum value of the GCH equation of the first kind for a polynomial which makes Bn
term terminated around x = 0, put β0 = β1 = β2 = · · · = 0 in Remark 1.
y(x) = QW0
(
Ω = −iµ, ω, γ = 1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
= 1F1 (ω, ν,−εx) where −∞ < x < ∞
On the above, 1F1(a, b, x) = ∑∞n=0 (a)n(b)n xnn! .
put c0 =
(
− 12µ
)1−γ Γ(ψ0+2−γ)
Γ(2−γ) as λ = 1 − ν = 2(1 − γ) in (7) with replacing βi by ψi.
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Remark 2. The power series expansion of GCH equation of the second kind for a polynomial
which makes Bn term terminated around x = 0 as Ω = −2µ(ψi + 1 − γ + i2 ) where i, ψi ∈ N0 is
given by
y(x) = RWψi
(
ψi = −
Ω
2µ
+ γ − 1 − i
2
, ω, γ =
1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
= z1−γ
Γ(ψ0 + 2 − γ)
Γ(2 − γ)
{ ψ0∑
i0=0
(−ψ0)i0
(1)i0(2 − γ)i0
zi0
+
{ ψ0∑
i0=0
(i0 + 1 − γ + ω2 )
(i0 + 12 )(i0 + 32 − γ)
(−ψ0)i0
(1)i0(2 − γ)i0
ψ1∑
i1=i0
(−ψ1)i1 ( 32 )i0 ( 52 − γ)i0
(−ψ1)i0 ( 32 )i1 ( 52 − γ)i1
zi1
}
ε˜
+
∞∑
n=2
{ ψ0∑
i0=0
(i0 + 1 − γ + ω2 )
(i0 + 12 )(i0 + 32 − γ)
(−ψ0)i0
(1)i0(2 − γ)i0
×
n−1∏
k=1
{ ψk∑
ik=ik−1
(ik + 1 − γ + ω2 + k2 )
(ik + 12 + k2 )(ik + 32 − γ + k2 )
(−ψk)ik (1 + k2 )ik−1 (2 − γ + k2 )ik−1
(−ψk)ik−1 (1 + k2 )ik (2 − γ + k2 )ik
}
×
ψn∑
in=in−1
(−ψn)iN (1 + n2 )in−1 (2 − γ + n2 )in−1
(−ψn)in−1 (1 + n2 )in(2 − γ + n2 )in
zin
}
ε˜n
}
For the minimum value of the GCH equation of the second kind for a polynomial which makes
Bn term terminated around x = 0, put ψ0 = ψ1 = ψ2 = · · · = 0 in Remark 2.
y(x) = RW0
(
Ω = µ(ν − 1 − i), ω, γ = 1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
= z1−γ 1F1 (ω − ν + 1, 2 − ν,−εx) where −∞ < x < ∞
2.2. Infinite series
Theorem 2. In Ref.[8], the general expression of a power series of y(x) for an infinite series is
defined by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0
{ ∞∑
i0=0

i0−1∏
i1=0
B2i1+1
 x2i0+λ +
∞∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
∞∑
i2=i0

i2−1∏
i3=i0
B2i3+2

 x2i2+1+λ
+
∞∑
N=2
{ ∞∑
i0=0
{
A2i0
i0−1∏
i1=0
B2i1+1
N−1∏
k=1
( ∞∑
i2k=i2(k−1)
A2i2k+k
i2k−1∏
i2k+1=i2(k−1)
B2i2k+1+(k+1)
)
×
∞∑
i2N=i2(N−1)
( i2N−1∏
i2N+1=i2(N−1)
B2i2N+1+(N+1)
)}}
x2i2N+N+λ
}
(9)
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Substitute (4a)-(4c) into (9). The general expression of a power series of GCH equation for an
infinite series is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
( Ω2µ + λ2 )i0
(1 + λ2 )i0 (γ + λ2 )i0
zi0
+
{ ∞∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
( Ω2µ + λ2 )i0
(1 + λ2 )i0 (γ + λ2 )i0
×
∞∑
i1=i0
( Ω2µ + 12 + λ2 )i1 ( 32 + λ2 )i0 (γ + 12 + λ2 )i0
( Ω2µ + 12 + λ2 )i0 ( 32 + λ2 )i1 (γ + 12 + λ2 )i1
zi1
}
ε˜
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
( Ω2µ + λ2 )i0
(1 + λ2 )i0 (γ + λ2 )i0
×
n−1∏
k=1
{ ∞∑
ik=ik−1
(ik + λ2 + ω2 + k2 )
(ik + 12 + λ2 + k2 )(ik − 12 + γ + k2 + λ2 )
×
( Ω2µ + k2 + λ2 )ik (1 + k2 + λ2 )ik−1 ( k2 + γ + λ2 )ik−1
( Ω2µ + k2 + λ2 )ik−1 (1 + k2 + λ2 )ik ( k2 + γ + λ2 )ik
}
×
∞∑
in=in−1
( Ω2µ + n2 + λ2 )in (1 + n2 + λ2 )in−1 ( n2 + γ + λ2 )in−1
( Ω2µ + n2 + λ2 )in−1 (1 + n2 + λ2 )in ( n2 + γ + λ2 )in
zin
}
ε˜n
}
(10)
Put c0=
Γ(γ− Ω2µ )
Γ(γ) as λ = 0 for the first independent solution of GCH equation and c0 =
(
− 12µ
)1−γ Γ(1− Ω2µ )
Γ(2−γ)
as λ = 1 − ν = 2(1 − γ) for the second one in (10)
Remark 3. The power series expansion of GCH equation of the first kind for an infinite series
around x = 0 is given by
y(x) = QW
(
ω, γ =
1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
=
Γ(γ − Ω2µ )
Γ(γ)
{ ∞∑
i0=0
( Ω2µ )i0
(1)i0(γ)i0
zi0 +
{ ∞∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
( Ω2µ )i0
(1)i0(γ)i0
×
∞∑
i1=i0
( Ω2µ + 12 )i1 ( 32 )i0 (γ + 12 )i0
( Ω2µ + 12 )i0 ( 32 )i1 (γ + 12 )i1
zi1
}
ε˜ +
∞∑
n=2
{ ∞∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
( Ω2µ )i0
(1)i0(γ)i0
×
n−1∏
k=1
{ ∞∑
ik=ik−1
(ik + ω2 + k2 )
(ik + 12 + k2 )(ik − 12 + γ + k2 )
( Ω2µ + k2 )ik (1 + k2 )ik−1 ( k2 + γ)ik−1
( Ω2µ + k2 )ik−1 (1 + k2 )ik ( k2 + γ)ik
}
×
∞∑
in=in−1
( Ω2µ + n2 )in(1 + n2 )in−1 ( n2 + γ)in−1
( Ω2µ + n2 )in−1 (1 + n2 )in ( n2 + γ)in
zin
}
ε˜n
}
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Remark 4. The power series expansion of GCH equation of the second kind for an infinite series
around x = 0 is given by
y(x) = RW
(
ω, γ =
1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
= z1−γ
Γ(1 − Ω2µ )
Γ(2 − γ)
{ ∞∑
i0=0
( Ω2µ + 1 − γ)i0
(1)i0(2 − γ)i0
zi0
+
{ ∞∑
i0=0
(i0 + 1 − γ + ω2 )
(i0 + 12 )(i0 + 32 − γ)
( Ω2µ + 1 − γ)i0
(1)i0(2 − γ)i0
∞∑
i1=i0
( Ω2µ + 32 − γ)i1 ( 32 )i0 ( 52 − γ)i0
( Ω2µ + 32 − γ)i0 ( 32 )i1 ( 52 − γ)i1
zi1
}
ε˜
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + 1 − γ + ω2 )
(i0 + 12 )(i0 + 32 − γ)
( Ω2µ + 1 − γ)i0
(1)i0(2 − γ)i0
×
n−1∏
k=1
{ ∞∑
ik=ik−1
(ik + 1 − γ + ω2 + k2 )
(ik + 12 + k2 )(ik + 32 − γ + k2 )
×
( Ω2µ + 1 − γ + k2 )ik (1 + k2 )ik−1 (2 − γ + k2 )ik−1
( Ω2µ + 1 − γ + k2 )ik−1 (1 + k2 )ik (2 − γ + k2 )ik
}
×
∞∑
in=in−1
( Ω2µ + 1 − γ + n2 )in (1 + n2 )in−1 (2 − γ + n2 )in−1
( Ω2µ + 1 − γ + n2 )in−1 (1 + n2 )in (2 − γ + n2 )in
zin
}
ε˜n
}
When ν is integer, one of two solution of the GCH equation does not have any meaning, be-
cause RWψi
(
ψi = − Ω2µ + γ − 1 − i2 , γ = 12 (1 + ν); ε˜; z
)
can be described as QWβi
(
βi = − Ω2µ − i2 , γ = 12 (1 + ν); ε˜; z
)
as long as |λ1 − λ2| = |ν − 1| = integer. As we see remarks 2.2, 2.3, 2.5 and 2.6, it is required that
ν , 0,−1,−2, · · · for the first kind of independent solutions of GCH equation for a polynomial
which makes Bn term terminated and an infinite series. By similar reason, ν , 2, 3, 4, · · · is
required for the second kind of independent solutions of GCH equation.
3. Asymptotic behavior of the function y(x) and the boundary condition for x
3.1. The case of |µ| ≪ 1 or |µ| ≪ |ε|
As n ≫ 1 (for sufficiently large n), (3)–(4b) are asymptotically equal to
cn+1 = A cn + B cn−1 ; n ≥ 1 (11a)
where
lim
n≫1
An = A = −
ε
n
(11b)
And,
lim
n≫1
Bn = B = −
µ
n
(11c)
With c1 ∼ A c0.3 Since |µ| ≪ 1 or |µ| ≪ |ε|, (11c) is negligible. Its recurrence relation is
cn+1 = −
ε
n
cn (12)
3We only have the sense of curiosity about an asymptotic series as n ≫ 1 for given x. Actually, c1 = A0c0 . But for a
huge value of an index n, I treat the coefficient c1 as Ac0 for simple computations.
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Plug (12) into the power series expansion where ∑∞n=0 cnxn, putting c0 = −0/ε for simplicity.
lim
n≫1
y(x) = xe−εx where − ∞ < x < ∞ (13)
3.2. The case of |ε| ≪ 1 or |ε| ≪ |µ|
Let assume that |ε| ≪ 1 or |ε| ≪ |µ|. Then (11b) is negligible. Its recurrence relation is
cn+1 = −
µ
n
cn−1 (14)
We can classify cn as to even and odd terms in (14).
c2n =
( − 12 )!(
n − 12
)
!
(
− 12µ
)n
c0 c2n+1 =
1
n!
(
− 12µ
)n
c1 where n ≥ 1 (15)
c1 ∼ Ac0 = 0 in (15). Because A is negligible since |ε| ≪ 1 or |ε| ≪ |µ|. Put c2n in (15) into the
power series expansion where
∑∞
n=0 cnx
n
, putting c0 = 1 for simplicity.
lim
n≫1
y(x) = 1 +
√
−π
2
µx2Erf

√
−1
2
µx2
 e− 12 µx2 (16)
where −∞ < x < ∞
On the above Erf(y) is an error function which is
Erf(y) = 2√
π
∫ y
0
dt e−t2
4. Application
I show power series expansions in closed forms and asymptotic behaviors of the GCH func-
tion in this paper. We can apply this new special functions into many physics areas. I show three
examples of GCH equation as follows:
4.1. the rotating harmonic oscillator
For example, there are quantum-mechanical systems whose radial Schro¨dinger equation may
be reduced to a Biconfluent Heun function[22, 23], namely the rotating harmonic oscillator and
a class of confinement potentials. Its radial Schro¨dinger equation is given by
Ψ
′′ (r) +
{2λm + 1
2ω
− (r − 1)
2
4ω2
− lm(lm + 1)
r2
}
Ψ(r) = 0 (17)
where 0 ≤ r < ∞, λm is the eigenvalue, lm is the rotational quantum number and ω is a coupling
parameter. By means of the changes of variable,
Ψ(r) = rlm+1 exp
(
− (r − 1)
2
2ω
)
U(r) and r =
√
2ωx (18)
8
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the above becomes the following Biconfluent Heun equation:
xU ′′ (x) + (1 + α − βx − 2x2)U ′(x) +
{
(γ − α − 2)x − 1
2
[δ + β(1 + α)]
}
U(x) = 0 (19)
where the four Heun parameters are
α = 2lm + 1 β = −
√
2
ω
δ = 0 γ = 1 + 2λm (20)
If we compare (19) with (1), all coefficients on the above are correspondent to the following way.
µ←→ −2
ε←→ −β
ν←→ 1 + α
Ω←→ γ − α − 2
ω←→ 1
2β
[δ + β(1 + α)]
(21)
Put (20) in (21).
µ←→ −2
ε←→
√
2
ω
ν←→ 2(lm + 1)
Ω←→ 2(λm − lm − 1)
ω←→ lm + 1
(22)
Let’s investigate function Ψ(r) as n and r go to infinity. I assume that U(x) is infinite series in
(19). Since ε ≪ 1 in (22), put (16) in (18) with replacing µ by −2.
lim
n≫1
Ψ(r) ≈ rlm+1 exp
(
− (r − 1)
2
2ω
) (
1 +
√
π
2ω
Erf
(
r√
2ω
)
re
r2
2ω
)
(23)
In (23) if r → ∞, then lim
n≫1
Ψ(r) → ∞. It is unacceptable that wave function Ψ(r) is divergent as
r goes to infinity in the quantum mechanical point of view. Therefore the function U(x) must to
be polynomial in (19) in order to make the wave functionΨ(r) being convergent even if r goes to
infinity. RWψi
(
ψi, ω, γ; ε˜ = − r2ω ; z = r
2
2ω
)
→ ∞ as r → 0 because of γ = lm + 32 in Remark 2.3.
But QWβi
(
βi, ω, γ; ε˜ = − r2ω ; z = r
2
2ω
)
→ 0 as r → 0 in Remark 2.2. So I choose Remark 2.2 as
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eigenfunction for (18). Put (22) in Remark 2.2 replacing x and y(x) by r√
2ω
and U(r).
U(r) = QWβi
(
βi =
λm − lm − 1 − i
2 , ω = lm + 1, γ = lm +
3
2; ε˜ = −
r
2ω ; z =
r2
2ω
)
=
Γ(γ + β0)
Γ(γ)
{ β0∑
i0=0
(−β0)i0
(1)i0(γ)i0
zi0 +
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
β1∑
i1=i0
(−β1)i1 ( 32 )i0 (γ + 12 )i0
(−β1)i0 ( 32 )i1 (γ + 12 )i1
zi1
}
ε˜ +
∞∑
n=2
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
n−1∏
k=1
{ βk∑
ik=ik−1
(ik + ω2 + k2 )
(ik + 12 + k2 )(ik − 12 + γ + k2 )
(−βk)ik (1 + k2 )ik−1 ( k2 + γ)ik−1
(−βk)ik−1 (1 + k2 )ik ( k2 + γ)ik
}
×
βn∑
in=in−1
(−βn)in (1 + n2 )in−1 ( n2 + γ)in−1
(−βn)in−1 (1 + n2 )in ( n2 + γ)in
zin
}
ε˜n
}
(24)
Put (24) in (18). The wave function for the rotating harmonic oscillator is given by
Ψ(r) = Nrlm+1 exp
(
− (r − 1)
2
2ω
)
QWβi
(
βi =
λm − lm − 1 − i
2
, ω = lm + 1, γ = lm +
3
2
; ε˜ = − r
2ω
; z =
r2
2ω
)
(25)
N is normalized constant. Eigenvalue λm is
λm = 2βi + lm + 1 + i where i, βi ∈ N0
In general most of well-known special function with two recursive coefficients (Bessel, Legendre,
Kummer, Laguerre and hypergeometric functions, etc) only has one eigenvalue for the polyno-
mial case. However the GCH function with three recursive coefficients has infinite eigenvalues
as we see (24).
4.2. Confinement potentials
Following Chaudhuri and Mukherjee, there is the radial Schro¨dinger equation.[22, 5, 6]:
Ψ
′′ (r) +
{(2µ
~2
)(
E +
a
r
− br − cr2
)
− l(l + 1)
r2
}
Ψ(r) = 0 (26)
with E being the energy. By means of the consecutive changes of variable
Ψ(r) = rl+1 exp
(
−1
2
αFr
2 − βFr
)
U(r) and x = √αFr (27)
the above becomes also the following Biconfluent Heun equation:
xU
′′ (x) + (1 + α − βx − 2x2)U ′(x) +
{
(γ − α − 2)x − 1
2
[δ + β(1 + α)]
}
U(x) = 0 (28)
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where the four Heun parameters are
α = 2l + 1, γ = ǫF
αF
,
β = 2
βF√
αF
, δ = −4µ
~2
a√
αF
(29)
where,
αF =
(2µc
~2
)1/2
, βF = b
(
µ
2~2c
)1/2
, ǫF = β
2
F +
2µ
~2
E (30)
Put (29) and (30) in (21).
µ←→ −2
ε←→ −2 βF√
αF
ν←→ 2(l + 1)
Ω←→ ǫF
αF
− 2
(
l + 3
2
)
=
1
αF
(
β2F +
2µ
~2
E
)
− 2
(
l + 3
2
)
ω←→ − µa
~2βF
+ l + 1
(31)
Let’s investigate function Ψ(r) as n and r go to infinity. I assume that U(x) is infinite series in
(28). Since |ε| ≪ 1 in (31), put (16) in (27) with replacing µ and x by −2 and √αFr.
lim
n≫1
Ψ(r) ≈ rl+1 exp
(
−αF
2
r2 − βFr
) (
1 +
√
παFErf
(√
αFr
)
reαF r
2) (32)
In (32) if r → ∞, then lim
n≫1
Ψ(r) → ∞. It is unacceptable that wave function Ψ(r) is divergent as
r goes to infinity in the quantum mechanical point of view. Therefore the function U(x) must to
be polynomial in (28) in order to make the wave function Ψ(r) being convergent even if r goes
to infinity. RWψi
(
ψi, ω, γ; ε˜ = −βFr; z = αFr2
)
→ ∞ as r → 0 because of γ = l + 32 in Remark
2.3. But QWβi
(
βi, ω, γ; ε˜ = −βFr; z = αFr2
)
→ 0 as r → 0 in Remark 2.2. So I choose Remark
11
Analytic solution for grand confluent hypergeometric function
2.2 as eigenfunction for (27). Put (31) in Remark 2.2 replacing x and y(x) by √αFr and U(r).
U(r) = QWβi
(
βi =
1
4αF
(
β2F +
2µ
~2
E
)
− 1
2
(
i + l + 3
2
)
, ω = − µa
~2βF
+ l + 1
, γ = l + 3
2
; ε˜ = −βFr; z = αFr2
)
=
Γ(γ + β0)
Γ(γ)
{ β0∑
i0=0
(−β0)i0
(1)i0(γ)i0
zi0 +
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
β1∑
i1=i0
(−β1)i1 ( 32 )i0 (γ + 12 )i0
(−β1)i0 ( 32 )i1 (γ + 12 )i1
zi1
}
ε˜ +
∞∑
n=2
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
n−1∏
k=1
{ βk∑
ik=ik−1
(ik + ω2 + k2 )
(ik + 12 + k2 )(ik − 12 + γ + k2 )
(−βk)ik (1 + k2 )ik−1 ( k2 + γ)ik−1
(−βk)ik−1 (1 + k2 )ik ( k2 + γ)ik
}
×
βn∑
in=in−1
(−βn)in (1 + n2 )in−1 ( n2 + γ)in−1
(−βn)in−1 (1 + n2 )in( n2 + γ)in
zin
}
ε˜n
}
(33)
Put (33) in (27). The wave function for confinement potentials is given by
Ψ(r) = Nrl+1 exp
(
−1
2
r2αF − βFr
)
QWβi
(
βi =
1
4αF
(
β2F +
2µ
~2
E
)
− 1
2
(
i + l + 3
2
)
, ω = − µa
~2βF
+ l + 1, γ = l + 3
2
; ε˜ = −βFr; z = αFr2
)
(34)
N is normalized constant. Energy E is
E =
~
2
2µ
4αF
βi + i + l +
3
2
2
 − β2F
 where i, βi ∈ N0
Again the GCH function with three recursive coefficients has infinite eigenvalues.
4.3. The spin free Hamiltonian involving only scalar potential for the q − q¯ system
Following Gu¨rsey and his colleagues, there is the spin free Hamiltonian involving only scalar
potential for the q − q¯ system:[18, 2, 3, 4]
H2 = 4
[
(m + 1
2
br)2 + P2r +
l(l + 1)
r2
]
(35)
where P2r = − ∂
2
∂r2
− 2
r
∂
∂r
, m= mass, b= real positive, and l= angular momentum quantum number.
When wave function Ψ(r) = exp
(
− b4
(
r + 2mb
)2)
rly(r)Ym⋆l (θ, φ) acts on both sides of (35), it
becomes
r
∂2y
∂r2
+
(
−br2 − 2mr + 2(l + 1)
) ∂y
∂r
+
((
E2
4
− b
(
l + 3
2
))
r − 2m(l + 1)
)
y = 0 (36)
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If we compare (36) with (1), all coefficients on the above are correspondent to the following way.
µ←→ −b
ε←→ −2m
ν←→ 2(l + 1)
Ω←→ E
2
4
− b
(
l + 3
2
)
ω←→ l + 1
(37)
Let’s investigate function Ψ(r) as n and r go to infinity. I assume that y(r) is infinite series in
(36). Since ε ≪ 1 in (37), put (16) in Ψ(r) = exp
(
− b4
(
r + 2mb
)2)
rly(r)Ym⋆l (θ, φ) with replacing x
and µ by r and −b .
lim
n≫1
Ψ(r) ≈ rl exp
−b4
(
r +
2m
b
)2
1 +
√
1
2
bπErf

√
1
2
br2
 re 12 br2
 Ym
⋆
l (θ, φ) (38)
In (38) if r → ∞, then lim
n≫1
Ψ(r) → ∞. It is unacceptable that wave function Ψ(r) is divergent as
r goes to infinity in the quantum mechanical point of view. Therefore the function y(r) must to
be polynomial in (36) in order to make the wave functionΨ(r) being convergent even if r goes to
infinity. RWψi
(
ψi, ω, γ; ε˜ = mr; z = b2µr
2
)
→ ∞ as r → 0 because of γ = l + 32 in Remark 2.3.
But QWβi
(
βi, ω, γ; ε˜ = mr; z = b2µr
2
)
→ 0 as r → 0 in Remark 2.2. So I choose Remark 2.2 as
eigenfunction for (36). Put (37) in Remark 2.2 with replacing x by r.
y(r) = QWβi
(
βi =
1
2
(
E2
4b −
(
i + l + 3
2
))
, ω = l + 1; γ = l + 3
2
; ε˜ = mr; z =
b
2
µr2
)
=
Γ(γ + β0)
Γ(γ)
{ β0∑
i0=0
(−β0)i0
(1)i0(γ)i0
zi0 +
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
β1∑
i1=i0
(−β1)i1 ( 32 )i0 (γ + 12 )i0
(−β1)i0 ( 32 )i1 (γ + 12 )i1
zi1
}
ε˜ +
∞∑
n=2
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
n−1∏
k=1
{ βk∑
ik=ik−1
(ik + ω2 + k2 )
(ik + 12 + k2 )(ik − 12 + γ + k2 )
(−βk)ik (1 + k2 )ik−1 ( k2 + γ)ik−1
(−βk)ik−1 (1 + k2 )ik ( k2 + γ)ik
}
×
βn∑
in=in−1
(−βn)in (1 + n2 )in−1 ( n2 + γ)in−1
(−βn)in−1 (1 + n2 )in( n2 + γ)in
zin
}
ε˜n
}
(39)
Put (39) in Ψ(r) = exp
(
− b4
(
r + 2mb
)2)
rly(r)Ym⋆l (θ, φ). The wave function for the spin free Hamil-
tonian involving only scalar potential for the q − q¯ system is given by
Ψ(r) = Nrl exp
−b4
(
r +
2m
b
)2QWβi
(
βi =
1
2
(
E2
4b −
(
i + l + 3
2
))
, ω = l + 1
; γ = l + 3
2
; ε˜ = mr; z =
b
2
µr2
)
Ym
⋆
l (θ, φ) (40)
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N is normalized constant. Energy E2 is
E2 = 4b
(
2βi + i + l +
3
2
)
where i, βi ∈ N0
The GCH function with three recursive coefficients has infinite eigenvalues.
5. Conclusion
Any special functions with two recursive coefficients (such as Bessel, Legendre, Kummer,
Laguerre, hypergeometric, Coulomb wave functions, etc) only have one eigenvalue for the poly-
nomial case. However the GCH polynomial with three recursive coefficients has infinite eigen-
values that make Bn’s term terminated as we see (25), (34) and (40).
I show power series expansions in closed forms of GCH equation in this paper. As we see
analytic power series expansions of GCH equation by applying 3TRF [8], denominators and nu-
merators in all Bn terms arise with Pochhammer symbol: the meaning of this is that the analytic
solutions of GCH equation with three recursive coefficients can be described as hypergoemet-
ric function in a strict mathematical way. Since this function is described as hypergeometric
function, we can transform this function to other well-known special functions having two term
recurrence relation: understanding the connection between other special functions is important
in the mathematical and physical points of views as we all know.
In my next paper I derive the integral representation of GCH equation including all higher
terms of Ans by applying 3TRF [8]. From integral forms of the GCH equation, we can investigate
how these functions are associated with other well known special functions such as Bessel, La-
guerre, Kummer, hypergeometric functions, etc. And I show generating functions for the GCH
polynomial which makes Bn term terminated. Generating functions are really useful in order to
derive orthogonal relations, recursion relations and expectation values of any physical quantities
as we all recognize; i.e. the normalized wave function of hydrogen-like atoms and expectation
values of its physical quantities such as position and momentum.
6. Series “Special functions and three term recurrence formula (3TRF)”
This paper is 9th out of 10.
1. “Approximative solution of the spin free Hamiltonian involving only scalar potential for
the q − q¯ system” [7] - In order to solve the spin-free Hamiltonian with light quark masses we
are led to develop a totally new kind of special function theory in mathematics that generalize all
existing theories of confluent hypergeometric types. We call it the Grand Confluent Hypergeo-
metric Function. Our new solution produces previously unknown extra hidden quantum numbers
relevant for description of supersymmetry and for generating new mass formulas.
2. “Generalization of the three-term recurrence formula and its applications” [8] - Generalize
three term recurrence formula in linear differential equation. Obtain the exact solution of the
three term recurrence for polynomials and infinite series.
3. “The analytic solution for the power series expansion of Heun function” [9] - Apply three
term recurrence formula to the power series expansion in closed forms of Heun function (infinite
series and polynomials) including all higher terms of Ans.
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4. “Asymptotic behavior of Heun function and its integral formalism”, [10] - Apply three
term recurrence formula, derive the integral formalism, and analyze the asymptotic behavior of
Heun function (including all higher terms of Ans).
5. “The power series expansion of Mathieu function and its integral formalism”, [11] - Apply
three term recurrence formula, analyze the power series expansion of Mathieu function and its
integral forms.
6. “Lame´ equation in the algebraic form” [12] - Applying three term recurrence formula,
analyze the power series expansion of Lame´ function in the algebraic form and its integral forms.
7. “Power series and integral forms of Lame´ equation in Weierstrass’s form and its asymptotic
behaviors” [13] - Applying three term recurrence formula, derive the power series expansion of
Lame´ function in Weierstrass’s form and its integral forms.
8. “The generating functions of Lame´ equation in Weierstrass’s form” [14] - Derive the
generating functions of Lame´ function in Weierstrass’s form (including all higher terms of An’s).
Apply integral forms of Lame´ functions in Weierstrass’s form.
9. “Analytic solution for grand confluent hypergeometric function” [15] - Apply three term
recurrence formula, and formulate the exact analytic solution of grand confluent hypergeometric
function (including all higher terms of An’s). Replacing µ and εω by 1 and −q, transforms the
grand confluent hypergeometric function into Biconfluent Heun function.
10. “The integral formalism and the generating function of grand confluent hypergeometric
function” [16] - Apply three term recurrence formula, and construct an integral formalism and
a generating function of grand confluent hypergeometric function (including all higher terms of
An’s).
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